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We discuss a puzzle in relativistic spin hydrodynamics; in the previous formulation the spin source
from the antisymmetric part of the canonical energy-momentum tensor (EMT) is crucial. The
Belinfante improved EMT is pseudo-gauge transformed from the canonical EMT and is usually a
physically sensible choice especially when gauge fields are coupled as in magnetohydrodynamics, but
the Belinfante EMT has no antisymmetric part. We find that pseudo-transformed entropy currents
are physically inequivalent in nonequilibrium situations. We also identify a current induced by the
spin vorticity read from the Belinfante symmetric EMT.
Introduction: Polarization measurements of Λ and Λ¯
baryons in the relativistic heavy-ion collision have at-
tracted lots of theoretical interest [1], which is driven by a
recent confirmation of the global polarization of Λ and Λ¯
that signifies “the most vortical fluid” [2], as predicted in
Ref. [3] and thermally quantified in Ref. [4]. The underly-
ing physics is intuitive: non-central collisions provide hot
and dense matter with the orbital angular momentum as
large as ∼ 106~ at the collision energy √sNN = 200 GeV
with the impact parameter b ∼ 10 fm [5, 6]. Because of
the spin-orbital coupling in relativistic systems, a finite
angular momentum can be transported from the orbital
angular momentum (OAM) to the spin angular momen-
tum (SAM). We note that only the total angular mo-
mentum (TAM) is a conserved quantity associated with
rotational symmetry in relativistic theories but the spin
degrees of freedom is dissipative in a relativistic fluid.
Thus, only the particle intrinsic spin affects the thermal
abundance at the last stage, but the relativistic spin hy-
drodynamics is needed for thorough understanding of the
spin evolution from the initial condition. There are ac-
tually some theoretical estimates based on parton cross
section [3, 7], and we should clarify a missing bridge be-
tween the partonic and the thermal estimates. For some
developments, see recent reviews [8, 9] and the references
therein.
For the spin hydrodynamics pioneering works are
found in Refs. [10, 11] where the Lagrangian effective
field theory is adopted to approach the spin polarized
medium. In Ref. [12] the spin hydrodynamic equations
are derived from the kinetic equations for particles and
antiparticles with spin 1/2. More recently, the spin hy-
drodynamic equations have been derived from the decom-
position of the energy-momentum tensor (EMT) and the
entropy current analysis in Ref. [13]. See Ref. [14] for an-
other approach and discussions in gravitational physics
and also Refs. [15–17] for recent discussions based on
the Bjorken hydrodynamics. Another possible hint to
build the spin hydrodynamics comes from the quantum
kinetic theory for massive fermions with collisions, e.g.,
see Refs. [18–24].
In the present work we focus on a controversy in re-
gard to pseudo-gauge ambiguity of the EMT for the spin
physics. Similar problems have been well known also in
the context of the proton spin decomposition; conven-
tionally, the spin decomposition based on the canonical
EMT is called the Jaffe-Manohar decomposition, while
an improved EMT that is symmetric and gauge invari-
ant gives the Ji decomposition (see a recent essay [25] and
references therein). In gauge theories such as quantum
chromodynamics (QCD) the symmetric EMT is mani-
festly gauge invariant, and is directly related to physical
observables. Also in the future electron-ion collider (EIC)
experiment the proton EMT will be measured [26, 27].
For this the symmetric EMT is empirically assumed.
The central puzzle in the context of the spin hydrody-
namics lies in the fact that the spin degrees of freedom
seem to appear from the antisymmetric component of
the canonical EMT. As we mentioned above, however,
the canonical EMT is not gauge invariant if gauge fields
are involved as in magnetohydrodynamics. One might
think of a way to enforce gauge invariance on the canon-
ical EMT [28–30], but such a prescription requires non-
local gauge potentials, which is not systematically im-
plemented in hydrodynamics. Therefore, it would be
theoretically preferable to formulate the spin hydrody-
namics based on the symmetric EMT or the Belinfante
improved form of the EMT after an appropriate pseudo-
gauge transformation. The technical problem is, how-
ever, that one can no longer extract the spin part from
the antisymmetric component that identically vanishes
in the Belinfante form. It is a common consensus that
the canonical and the Belinfante forms are both quali-
fied as physical EMTs, and yet only the canonical EMT
works for the derivation of the spin hydrodynamics as
employed in Ref. [13]. We note that some inequivalent
2properties between different EMTs have been revealed in
nonequilibrium environments [31–33], but this difference
would not necessarily exclude a possibility to derive the
spin hydrodynamics from the Belinfante EMT. Actually
we will pursue this possibility and eventually reach a con-
clusion to support discussions by those preceding works
in an illuminating way.
Here, let us summarize our notation. The metric is
gµν = diag(+,−,−,−) and the projection operator in
our convention is ∆µν ≡ gµν −uµuν with the four-vector
fluid velocity uµ. We use T µν to represent the Belinfante
EMT, while Θµν is the canonical one. Also, we define
J µαβ for the TAM in the Belinfante form and Jµαβcan for
the TAM in the canonical form. For an arbitrary tensor
Aµν , we define its symmetric and antisymmetric parts
as Aµν(s) = A
(µ,ν) ≡ 12 (Aµν + Aνµ) and Aµν(a) = A[µ,ν] ≡
1
2 (A
µν−Aνµ). We also use a symbol, < ... >, to mean the
traceless part, i.e., A<µν> ≡ 12 [∆µα∆νβ+∆να∆µβ ]Aαβ−
1
3∆
µν(Aρσ∆ρσ).
Canonical vs. Belinfante formulations: To make our
point clear we shall make a brief review of the spin hy-
drodynamics from the canonical EMT as discussed in
Ref. [13]. In the canonical form the TAM can be decom-
posed into
Jαµνcan = x
µΘαν − xνΘαµ +Σαµν , (1)
where xµΘαν−xνΘαµ and Σαµν represent the OAM and
the SAM tensors, respectively. From the conservation
laws of the TAM and the EMT we readily find,
∂αΣ
αµν = −2Θµν(a) (2)
with Θµν(a) being the antisymmetric part of the canonical
EMT, which is understood as spin nonconservation in
relativistic systems.
Recalling that the spin in the quantum field theory is
Σ0ij ∼ Sij = ǫijkSk, we can decompose the spin tensor
in terms of hydrodynamical variables as follows:
Σαµν = uαSµν +Σαµν(1) . (3)
We can understand Eq. (3) in analogy to decomposition
of the charge current; jµ = nuµ+jµ(1) (where u ·j(1) = 0),
with the charge density n and the dissipative current jµ(1)
from the higher order in the gradient expansion. Corre-
spondingly, we can identify Sµν as the spin density and
Σαµν(1) as the dissipative higher order correction. We can
neglect Σαµν(1) since only ∂αΣ
αµν
(1) ∼ O(∂2) appears that is
beyond the order focused in this work.
In deriving the hydrodynamic equations the entropy
current and the second law of thermodynamics are es-
sential. For this purpose we need to express the entropy
current involving the spin tensors. The thermodynamic
relation in equilibrium reads,
e+ p = Ts+ µn+ ωµνS
µν , (4)
where e, p, T , s, and µ are the energy density, the
pressure, the temperature, the entropy density, and the
chemical potential, respectively. We also introduced
the spin potential, ωµν , according to the prescription
of Ref. [13]. For simplicity, we only consider one U(1)
conserved charge, e.g., the electric charge or the baryon
charge. If necessary, we can easily extend our discus-
sion to multiple conserved charges. For actual calcula-
tions differential forms of Eq. (4) are convenient; namely,
de = Tds+µdn+ωµνdS
µν and dp = sdT+ndµ+Sµνdωµν .
In the present convention e is a function of Sµν , while p
is a function of ωµν .
Now, let us introduce a nonequilibrium entropy cur-
rent Sµcan following a prescription of Ref. [34]. In the
presence of the spin density and the spin potential we
can postulate:
Sµcan =
uν
T
Θµν +
p
T
uµ − µ
T
jµ − 1
T
ωρσS
ρσuµ +O(∂2)
= suµ +
uν
T
Θµν(1) −
µ
T
jµ(1) +O(∂2) , (5)
where Θµν(1) as well as j
µ
(1) denotes dissipative terms. This
explicit form clearly shows that the entropy current has
a definite relation to the equilibrium entropy up to the
leading order, but the higher orders are not uniquely con-
strained. Therefore, Eq. (5) should be regarded as an
Ansatz.
Using Eq. (4) and uν∂µΘ
µν = 0, we can prove
T∂µ(su
µ)−µ∂µjµ(1)+ωρσ∂µ(Sρσuµ)+uν∂µΘµν(1) = 0. This
significantly simplifies the divergence of the entropy cur-
rent into
∂µSµcan = −jµ(1)∂µ
µ
T
− ωρσ
T
∂µ(u
µSρσ) + Θµν(1)∂µ
uν
T
. (6)
In the right-hand side we can use ∂µ(u
µSρσ) = −2Θρσ(a)+
O(∂2) which comes from Eqs. (2) and (3). At the
first order, moreover, the tensor decomposition leads to
Θµν(1) = Θ
µν
(1s) +Θ
µν
(1a) with
Θµν(1s) = 2h
(µuν) + πµν , Θµν(1a) = 2q
[µuν] + φµν . (7)
As usual πµν is the viscous tensor and φµν is its antisym-
metric counterpart. Likewise, hµ is the heat flow and qµ
is its counterpart in the antisymmetric sector. In calcu-
lational steps uµπ
µν = uµφ
µν = u · q = u · h = 0 will
be useful. As discussed in Ref. [13] we can collect terms
involving πµν , φµν , hµ, and qµ and identify their tenso-
rial forms from the sufficient condition for the second law
of thermodynamics, ∂µSµcan ≥ 0, as realized in a form of
sum of squares.
Then, πµν and hµ are found to have no spin correc-
tions, while qµ and φµν are found to have terms ∝ ωµν
as
qµ = λ
[
T−1∆µα∂αT + (u · ∂)uµ − 4ωµνuν
]
, (8)
φµν = −γ(Ωµν − 2T−1∆µα∆νβωαβ) , (9)
3where Ωµν ≡ −∆µρ∆νσ∂[ρ(βuσ]) is usually referred to
as the thermal vorticity [33], and λ and γ are nonneg-
ative transport coefficients. We can reasonably under-
stand the physical interpretation: The rotation carried
by the fluid velocity and the thermal gradient together
with the spin chemical potential plays a role of the source
to produce/absorb the spin. Then, the spin hydrodynam-
ics dictates the evolution of ωµν or S
µν and the local ther-
mal equilibrium relation, Sµν = ∂p/∂ωµν|T,µ, imposes a
connection between them.
From above discussions it is clear that Eq. (2) is cru-
cial for constructing hydrodynamics with spin degrees of
freedom, and it seems to be indispensable to keep Θµν(a).
The EMT, however, has pseudo-gauge invariance, and
one can always choose a symmetrized or Belinfante im-
proved EMT form without losing physics contents.
Spin strikes back: The confusion lies in the absence
of the antisymmetric part of the Belinfante EMT which
implies no spin degrees of freedom at all. We obtain
the symmetric Belinfante EMT by the following pseudo-
gauge transformation:
T µν = Θµν + ∂λKλµν , (10)
Kλµν =
1
2
(
Σλµν − Σµλν + Σνµλ) . (11)
With this choice we can get rid of the spin source and it
is easy to confirm that T µν is symmetric; T µν = T νµ.
Here, Kλµν is antisymmetric with respect to λ and µ,
so that ∂µT µν = 0 still holds as long as ∂µΘµν = 0. In
other words we have an identity,
∂µ∂λ
(
uλSµν + uµSνλ + uνSµλ
)
= 0 , (12)
from Eqs. (3) and (11). This equation corresponds to the
“quantum spin vorticity principle” in the quantum spin
vorticity theory [35].
The Belinfante improved TAM, which is a counterpart
of Eq. (1), reads,
J αµν = xµT αν − xνT αµ , (13)
where J αµν ≡ Jαµν + ∂ρ(xµKραν − xνKραµ). Equa-
tion (13) looks like an OAM relation [see the first part
in Eq. (1)] and it is often said that the spin is identically
vanishing in the Belinfante form. Precisely speaking,
since the energy-momentum conservation, ∂µT µν = 0,
leads to the TAM conservation, ∂αJ αµν = 0, in the Be-
linfante form, one cannot find a counterpart of Eq. (2).
Our point is that we do not have to go through the EMT
to write down such a tensor decomposition.
Before addressing the entropy analysis, we shall discuss
a possibility to introduce terms with Sµν in the symmet-
ric EMT form; the tensor indices we can use are not
only gµν , uµ, ∂µ, but also Sµν in general. The guid-
ing principle is provided from a transformation between
T µν and Θµν . We can utilize Eq. (10) together with
Σµαβ = uµSαβ +O(∂), to find,
T µν = Θµν + 1
2
∂λ(u
λSµν − uµSλν + uνSµλ) +O(∂2)
= Θµν(s) +
1
2
[
∂λ(u
µSνλ + uνSµλ)
]
+O(∂2) . (14)
If we need to construct the hydrodynamics using the sym-
metric EMT as demanded in the case with gauge fields,
we must employ the above form of symmetric spin cor-
rections. One might think that ∂µT µν = 0 may look dif-
ferent from ∂µΘ
µν = 0, but they are equivalent thanks
to Eq. (12); therefore, Eq. (12) constitutes an evolution
equation. The hydrodynamic expansion leads to
T µν = (e+ p)uµuν − pgµν + T µν(1) +O(∂2) , (15)
where
T µν(1) = 2h(µuν) + πµν +
1
2
∂λ(u
µSνλ + uνSµλ) . (16)
We should emphasize that T µν(1) is still symmetric with
respect to µ and ν even with spin involving terms.
The heat flow, hµ, is defined from the symmetric index
structure involving uν . Therefore, once T µν(1) is given, one
can identify hµ from the tensor decomposition of T µν(1) . In
the presence of spin correction terms, the tensor decom-
position leads to the heat flow coupled to the spin. We
can readily see this from the following decomposition:
2h(µuν) + πµν +
1
2
[
∂λ(u
µSνλ + uνSµλ)
]
= δeuµuν + 2
(
h(µ + δh(µ
)
uν) + πµν + δπµν .
(17)
Here, we have the energy density correction, δe, the heat
flow correction, δhµ, and the viscous tensor correction,
δπµν , given respectively by
δe = uρ∂σS
ρσ ,
δhµ =
1
2
[
∆µσ∂λS
σλ + uρS
ρλ∂λu
µ
]
,
δπµν = ∂λ(u
<µSν>λ) + δΠ∆µν ,
δΠ =
1
3
∂λ(u
σSρλ)∆ρσ ,
(18)
where δΠ is the bulk viscous correction. We note that the
above correction of δhµ is consistent with the momentum
density induced by the spin vorticity that has been dis-
cussed in the quantum spin vorticity theory [35]. We will
later discuss the physical meaning in more details.
One may wonder how qµ and φµν can be retrieved in
the Belinfante formalism at all, since they are extracted
from the antisymmetric EMT as in Eq. (7), which is iden-
tically vanishing in the Belinfante form. As we exercised
for the canonical EMT, let us consider the entropy cur-
rent. The Belinfante counterpart of the thermodynamic
4extension (5) reads,
Sµ = uν
T
T µν + p
T
uµ − µ
T
jµ − 1
T
ωρσS
ρσuµ +O(∂2)
= suµ +
uν
T
T µν(1) −
µ
T
jµ(1) +O(∂2) (19)
with which the divergence of the entropy current takes
the following form:
∂µSµ =
(
n
e+ p
hµ − jµ(1)
)
∆µν∂
ν µ
T
+
1
T
πµν∂µuν +∆
(20)
with
∆ ≡ 1
2
[
∂λ(u
µSνλ + uνSµλ)
]
∂µ
uν
T
− ωρσ
T
∂λ(u
λSρσ) .
(21)
Here, we emphasize that Eqs. (20, 21) are not equivalent
to Eq. (6) even with Eq. (12). For more clarification
we will transform Eq. (21) using Eq. (12). We can add
Eq. (12) to find,
∆ =
1
2
∂µ
[
∂λ(u
λSµν + uµSνλ + uνSµλ)
uν
T
]
− 1
2
[
∂λ(u
λSµν)
]
∂µ
uν
T
− ωρσ
T
∂λ(u
λSρσ) .
(22)
Therefore, the difference between Eqs. (20, 21) and (6)
turns out to be a total derivative. We recall that Eq. (19)
is an Ansatz and we could have defined an entropy, S ′,
to absorb the total derivative and then we arrive at
∆′ = −∂λ(uλSµν)
(
1
2
∂µ
uν
T
+
ωµν
T
)
. (23)
In this case ∂µS ′µ is given by Eq. (20) with ∆ replaced by
∆′. Interestingly, S ′µ is just the same as Sµcan. Then, the
constrains from the entropy principle amount to those in
the canonical formulation from Eqs. (7), (8), and (9). In
principle, alternatively, one may constrain Sµν directly
from Eq. (21) employing the following tensor decompo-
sition:
Sµν = 2s[µuν] − ǫµνρσuρSσ (24)
with u · s = 0. We have tried but this is a difficult task
to constrain sµ and Sµ from the entropy principle due to
the presence of derivatives. The difficulty seems to favor
the canonical choice of Sµ.
We emphasize that such a difference by the total
derivative is irrelevant to bulk thermodynamics proper-
ties and a stringent condition of the local thermal equilib-
rium gives rise to the physical difference in the entropy
current. We make a remark here; this total derivative
shift is quite analogous to V µ in Refs. [36, 37]. There, the
shift by V µ appears from the dynamical KMS condition
in the effective field theory approach to hydrodynamics.
It would be a very interesting future work to pursue a
possible relationship. Our transformation from Sµ to S ′µ
is actually analogous to the hydrodynamical treatment of
the triangle anomaly in Ref. [38], where the EMT is also
symmetric and some terms proportional to the vortic-
ity are added to the entropy flow. We also emphasize
that our observation is consistent with the claim made
in Refs. [31, 32]. They found using the density operator
that the canonical and the Belinfante EMTs are equiv-
alent only in equilibrium but they are not in nonequi-
librium systems [39]. In our analysis the pseudo-gauge
transformation generates conserved EMTs and leads to
different expressions for the entropy current. With those
different expressions the physics is not equivalent once we
take account of dissipative terms and impose the second
law of thermodynamics, ∂µSµ ≥ 0, for dynamics out of
equilibrium.
Physical interpretation of spin correction terms: We
have seen that we must introduce a modified entropy cur-
rent and then the entropy principle supports the canon-
ical results in Eqs. (8) and (9). Nevertheless, we em-
phasize that the Belinfante EMT should be physical and
the spin corrections by Eq. (18) are physical as well. We
must be, however, careful of the physical interpretation
in relativistic hydrodynamics. The heat flow correction
by δhµ, for example, is not physical by itself.
In relativistic hydrodynamics uµ is not unique in gen-
eral and one should make a choice of the frame; the com-
mon choice is the Landau frame or the energy frame.
Then, in this frame, the heat flow is absent by construc-
tion. More specifically, we should impose the Landau
condition for the relativistic hydrodynamics and choose
the fluid velocity uµL to satisfy ∆
L
ρµT µνL uLν = 0, where
“L” denotes the quantities in the Landau frame. We can
introduce the fluid velocity, uµL, as
uµL = u
µ +
1
e+ p
(hµ + δhµ) . (25)
We can also transfer the Belinfante EMT in Eq. (15) to
the one in the Landau frame as T µνL = (e + δe)uµLuνL −
(p+ δΠ)∆µνL + π
µν
L + δπ
µν
L +O(∂2) and there is no term
corresponding to the heat flow.
In this frame with the fluid velocity given by Eq. (25)
the heat flow is absent but the modified current remains
finite, which reads:
jµL(1) =
(
jµ(1) −
n
e+ p
hµ
)
+ δjµ(1) (26)
with
δjµ(1) = −
n
e+ p
δhµ . (27)
The first part in the parentheses, (jµ(1) − ne+phµ), is
an invariant combination in different frames [34], which
also appeared in Eq. (20). We can represent the in-
duced current in terms of the spin or the decomposed
5form in Eq. (24). Namely, Eq. (24) gives si = Si0
and Si = 12ǫ
ijkSjk. The complete expression of δhµ in
Eq. (18) involves many terms, and we can simplify them
by taking the nonrelativistic reduction of uµ = (1,v) with
v → 0, while derivatives of v are still kept nonvanishing.
Then, in the three-vector representation, we find,
δj(1) = −
n
2(e+ p)
[
∇× S + v˙ × S
+ (∇ · v)s− 2(s ·∇)v + s˙] .
(28)
One may think that the overall sign is opposite to that
in the quantum spin vorticity theory [35]. This difference
is attributed to the frame choice. We are working in a
frame comoving with the heat flow, and this reverses the
overall direction of the induced current.
Summary: We formulated the spin hydrodynamics
using the symmetric EMT which is commonly considered
to be physical. The added terms satisfy an identity for
the spin tensor which corresponds to the quantum spin
vorticity principle. The equations of motion are equiv-
alent, but we found that the entropy analysis makes an
inequivalent deviation. The entropy current derived from
the canonical formulation is different from the one from
the symmetric EMT by a total derivative. Therefore, if
we impose a constraint not globally but locally from the
second law of thermodynamics, the pseudo-gauge trans-
formation would lead to different physical contents in
nonequivalent systems. With our formulation based on
the symmetric EMT, we established a relation between
the spin vorticity (i.e., the rotation of the spin) and the
(electric) current, δj ∝∇×S, in a hydrodynamical way.
One may find a similar relation using the Dirac equa-
tion in quantum field theories, and our formula is more
complete with fluid velocity terms. Applications to the
heavy-ion phenomenology should deserve further investi-
gations.
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